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ABSTRACT

This study presents a new approach to model single crystal S2 ice using Non-Ordinary State-
Based Peridynamic (NOSBPD) theory. The proposed NOSBPD model presents the advantage
of admitting constitutive models from the classical continuum theory while retaining the
advantages of the peridynamic theory. To validate the proposed model, numerical simulations
were performed, and the results obtained show good agreement with those obtained from
numerical simulation done in the framework of Finite Element Method (FEM).
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1.0 INTRODUCTION

The significance of ice shelf fracture processes, the impact of ice-structure interaction on ships
and offshore structures, and their implications for ice sheet dynamics and climate are strong
motivations for the development of mathematical models capable of capturing the complex
behaviour of ice. Such models are crucial for predicting and analysing the behaviour of ice
under various loading conditions, allowing for the design and engineering of structures that can
withstand the challenges posed by ice.

Models based on the classical continuum theory have proven to be inadequate in capturing
some behaviours exhibited by ice, such as ice fracture, and granular flow. Classical continuum
mechanics (CCM) models rely on spatial partial derivatives to describe the behaviour of
materials. However, these models are ill-suited for discontinuous systems, such as fractured
ice, as spatial partial derivatives are not well-defined at discontinuities. As a result, CCM
models fail to accurately capture the complex fracture processes and discontinuous behaviour
that often arise in ice dynamics.

Moreover, granular flow in ice has been observed to exhibit size-dependent behaviour. This
size-effect arises due to the finite size of ice grains compared to the larger scale of the flow
environment. CCM models are unable to capture this size-effect and the resulting changes in
the behaviour of granular ice flow (West et al., 2022).

These limitations highlight the need for alternative approaches that can overcome the
challenges posed by nonlocal effects and behaviours in ice. One promising alternative is the
utilization of nonlocal continuum models, such as peridynamics (Silling, 2000), which can
capture the nonlocal interactions and discontinuous behaviour exhibited by ice. By considering
the long-range interactions between particles, nonlocal models offer a more suitable framework
for accurately describing and predicting the fracture processes and granular flow in ice.

Peridynamics has emerged as a powerful tool for solving a wide range of engineering problems.
It has found extensive applications as the theoretical foundation for numerical investigations



of fracture evolution and propagation (Nguyen & Oterkus, 2020), as well as impact dynamics
(Oterkus, Guven, et al., 2012). Peridynamics has also been utilized to study composite
materials (Oterkus, Madenci, et al., 2012), functionally graded materials and viscoelastic
materials (Galadima et al., 2023a). To improve computational efficiency, various model
reduction techniques have been proposed for peridynamics, including the coarsening method
(Galadima et al., 2019; Galadima et al., 2021; Silling, 2011) and model reduction based on
static condensation (Galadima et al., 2020b; Galadima, Oterkus, et al., 2022). Furthermore, to
extend the applicability of peridynamics to characterize the effective behaviour of
heterogeneous media, several homogenization theories have been developed (Buryachenko,
2019; Galadima et al., 2020a; Galadima et al., 2023b; Galadima, Xia, et al., 2022; Xia et al.,
2019; Xia et al., 2021). These advancements in peridynamics contribute to its potential for
addressing complex engineering challenges across different disciplines.

Several research efforts have been expended to develop models for ice within the peridynamic
framework. A bond-based peridynamic model to model polycrystalline ice was proposed in (Lu
et al., 2020). The proposed model was used to carry out a dynamic analysis of a polycrystalline
ice material with two pre-existing cracks under tension loading. Similarly, the bond-based
model was used in (Vazic et al., 2020) to calculate in-plane splitting loads for several
differently sized ice plates. An ordinary state-based peridynamic formulation was proposed in
(Li et al., 2023) to model the behaviour of polycrystalline S2 columnar ice. In (Xue et al.,
2019), a framework to characterise ice-ship interaction was proposed. The proposed framework
utilised the bond-based model of ice to determine the ice loads for a ship navigating in level
ice. In a similar work, the NOSBPD framework was utilised in (Liu et al., 2017) to simulate
interaction of level ice and vertical structure. In (Song et al., 2019), a NOSBPD was to simulate
water ice crater formation due to impact loads utilizing modified Drucker-Prager constitutive
model.

In this paper, we propose an approach based on the NOSBPD correspondence framework, to
model the response of a single crystal S2 ice. By incorporating nonlocal phenomena and
capturing the complex interactions within ice structures, this model offers a promising avenue
for gaining deeper insights into ice mechanics. Through the development and application of
this model, we aim to contribute to the understanding of ice shelf fracture, ice-structure
interaction, and their implications for climate dynamics, providing valuable tools for the design
and assessment of ice-related structures and systems.

2.0 THEORETICAL FRAMEWORK OF THE NOSBPD MODEL

The peridynamics framework is a nonlocal continuum mechanics formulation that introduces
integral operators to replace the spatial differential operators found in the classical theory. By
utilizing integral operators in the governing equations, peridynamics removes the requirement
of continuity in the system’s response that is necessary in classical theories. The peridynamic
equation of motion of a point X in a body as it interacts with other points X" within the body is
given by the following balance of linear momentum expression:

pXit(x, t) = f f(x,x',t) dVy + b(x,t) (1)
}[X
Here, p(X) represents the material density at X, it denotes the second order derivative of the
displacement (u) of x with respect to time (t), b(x, t) is the body force at point x, f(x,x’, t)
is a vector-valued pairwise nonlocal force density that the material point X" exerts on material
point at position X. This nonlocal force density is transmitted through the notion of a bond
which represent the interaction between two material points X and X' separated by a finite
distance X' — x = § in the undeformed configuration called the hond length. The bond length



is sometimes referred to simply as bond for brevity with its exact meaning discerned from the
context.

In (1), H is the set of all points X’ in the body that interacts with x. The size of this set varies
depending on the specific physics being studied, ranging from a few neighbouring points to
encompassing all points within the body. In most literature on peridynamics, this set is called
the family of X and is defined to include all points laying within a given radius from the primary
point. This radius often denoted as ¢ is called the horizon. The horizon is seen as an internal
length parameter that determines the extent of nonlocal interaction allowed in the system.

Deformation

Deformed

Undeformed configuration

configuration

€

Figure 1: Deformation of material point

During deformation, if X and X' now occupy locations y and y’ respectively, in the deformed
configuration, and let u and u’ represent the respective displacement of x and x’ during this
deformation as shown in Figure 1. Then the relative displacement and relative position vector
of x and x are respectively given as:

n=u-u y-y=¢{+n )

The integral representation of the balance law as given by (1) allows for the modelling of both
continuous and discontinuous responses in engineering systems. The definition of the force
density function f(x,x') in (1) give rise to three different types of models. The first
peridynamic model is the bond-based model (Silling, 2000) in which the force density function
f(x,x") is defined as a function of only the bond x’ — x and is independent of the deformation
of any other bond within the family of the primary point X. This definition of the force density
leads to a peridynamic model that is simple and computationally efficient to implement on one
hand, and on the other restrict the types of materials that can be modelled to those with
Poisson’s ratio of 1/3 and 1/4 for 2- and 3-dimensional problems respectively.

To mitigate against this restriction, a state-based peridynamic framework was proposed (Silling
et al., 2007) as a framework with more generalised capabilities for material modelling. In the
state-based framework, the force density f(x, x") is a function of not just the bond x’ — x, but
of all bonds within H,. This extended capability is achieved by the introduction of
mathematical objects called states which allows the recasting of the peridynamic equation of
motion (1) as

pit(x, ) = f}[ (T[x, ()X’ — x) = TIX, (}x - XY dVy + b D) (3)



where T is defined as the vector force state at x in time t. When T acts on the bond x" — x, the
result is the vector-valued force density function t(x,x’,t) acting on X’ due to its interaction
with the point X. Two types of material models emerge from the state-based framework (3)
depending on the definition of the force state T. If the force state T is defined such that the
force density t(x,x’,t) is colinear with the bond § = x" — x, then T is said to be an ordinary
state, giving rise to the so-called ordinary state-based peridynamic model, otherwise T is a non-
ordinary state and give rise to the NOSBPD model.

the NOSBPD model allow for a more generalised material model. Furthermore, a class of the
NOSBPD models called the peridynamic correspondence model provide a framework that
allow material models from the classical continuum theory to be use within the peridynamic
framework thus making it possible to leverage the advantages of both frameworks. In the
correspondence model, the force state T is defined such that:

T[x, t)(§) = w(IEDPK™*E 4

In (4), w is a scalar-valued influence function which measures the impact that the deformed
bond & has on the force field at x, P = P(F) is the first Piola-Kirchhoff stress tensor obtained
through the material model P from the classical theory as a function of the deformation gradient
F. The First Piola-Kirchhoff stress is related to the Cauchy stress tensor ¢ through the
expression:

P=JoF T, |=det(F) )

which in the context of small perturbation hypothesis we have F = 1, ] = 1 and thus P = ¢ in
(5) and consequently (4) can be written as:

T[x, tl(§) = w(I§DoK ™ (6)
In (4) and (6), K is a second order shape tensor defined as
K= f w(§) EREAV, ()
0

X

The nonlocal approximation of the deformation gradient F is given by the expression:

F(x) = U}[ w@(y',t) —y(x 1))®¢dx' | K™ ®)

3.0 IMPLEMENTATION OF THE NOSBPD MODEL FOR ICE MECHANICS

The solution of the governing equation of motion (3) is often obtained numerically. To set up
the problem for numerical implementation, the problem domain is discretised into a set of
nodes and then numerical methods such as the FEM (Chen & Gunzburger, 2011; Wang & Tian,
2012), meshfree methods (Parks et al., 2008; Silling & Askari, 2005) and collocation methods
(Evangelatos & Spanos, 2011; Wang & Tian, 2014) are used to approximate the solution. The
meshfree method proposed in (Silling & Askari, 2005) is utilised in this contribution due to its
simple implementation algorithm and relatively low computational cost. By employing this
approximation method, the discrete form of (3) is obtained as
N

pei = " [Tlx,,£16x; = x0) = T[x;, €] = x))] V; + by ©)

j=1

where N denotes the number of nodes in the family of x.



4.0 ELASTICITY FOR SINGLE CRYSTAL ICE

In developing the ice model in this communication, the single ice crystal is assumed to obey
the Hooke’s law which assumes a linear relationship between stress and strain in the form:

o =Ce (10)

where C is the fourth order elasticity tensor whose components C;; (i,j = 1 to 6) are called the
elastic or stiffness constants. Due to symmetry considerations, the independent components C;;
of the stiffness tensors reduces from 81 to 21for a generally anisotropic elastic material. Being
a crystal with hexagonal symmetry, the elastic stiffness tensor of the S2 columnar ice is
transversely isotropic thus further reducing the number of independent components C;; to five.
Utilizing the Voigt notation, the 3-D elastic stiffness tensor C3P for the S2 columnar ice can
be written as (Elvin, 1996):

c3P 32 3 0 0 0]
c32 3P 0 0 0
c3P 0 0 0 an
1/2(C32 -3y 0 0
Sym c o
i C3g |

If for practical convenience, it is assumed that plane stress condition applies, then the stiffness
tensor in two-dimension is given as:
20
Ci7 €32 0 (12)
0 0 c%
Such that the components CiZjD of the stiffness tensor are obtained according to the following
relation (Elvin, 1996):

3D 3D 3Dc3D CSDc3D
2D _ 3D __ 13 ~31 2D _ 3D 13 ~32 2D 3D _ 23 ~31
C C ——, C C ——, C C
11 — “11 C3D § 12 — “12 C3D ) 21 21 3D
33 33 33
3D (3D (13)
2D _ (3D 23 ~32 2D 3D
C22 - CZZ - C3D ) C33 - C33
33

Figure 2: Schematic representation of ice showing crystal geometry.

It is worth noting that the material tensors (11) and (12) are specified with respect to the local
axes of the crystal as shown in Figure 2. It is however sometimes necessary to transform the



components of the material tensor into a global axes system. In a two dimensional problem,
the components of the fourth order stiffness tensor transform according to the following rule
(Elvin, 1996):

CG == RTCLR (14)

where the subscripts G and L denote global and local values respectively, and R is the
transformation tensor given by:

cos?({) sin?({) %sin(Z{)

sin?(¢)  cos?({) —%sin(Z{) (15)

—sin(2¢) sin(2{) cos(2{)
with { representing the angle between the c-axis of a crystal and the global x; .
5.0 NUMERICAL VALIDATION OF MODEL

In this section, we present the numerical simulation results for the monocrystalline ice. The ice
crystal under investigation is assumed to have a square shape with dimensions of 1.2mm. A
constant displacement u® = x9&° is applied to the top edge, where x§ represent the coordinates
of the top boundary nodes in the x, direction and €° = 1 X 1073 is a constant strain. The
bottom edge is fixed as shown in Figure 3. The dynamic elastic stiffness tensor of the ice
crystal, obtained from (Elvin, 1996), is given by (16) with the c-axis of the crystal inclined at
an angle of 45° with the global x; axis. Plane stress condition is assumed to apply.
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Figure 3: Schematic diagram of single ice crystal for numerical simulation

'15.010 5.765  5.765 0 0 0
13.929 7.082 0 0 0
13929 0 0 0
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The numerical implementation of the problem proceeds by discretizing the ice crystal into 200
nodes along each edge. A peridynamic horizon size of 3Ax is adopted where Ax is the size of
the grid spacing. Since plane stress condition applies, we utilise equation (13) to reduce the
stiffness tensor to obtain:



12.624 2832 0
2832 10328 0 |GPa (17)
0 0  3.014

then use equation (3) to transform the stiffness tensor to the appropriate global frame.
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Figure 4: Results showing displacement fields: (a) displacement fields in x-direction from
NOSBPD simulation, (b) displacement fields in x-direction from FEM simulation, (c)
displacement fields in y-direction from NOSBPD simulation, (d) displacement fields in y-
direction from FEM simulation.
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Figure 5: Profile of displacement along (a) a grid line of points in the x-direction, and (b) a grid
line of points in the y-direction.



The results of the simulation using the proposed model of ice are presented in
Figure 4 and Figure 5.

Figure 4-a shows the displacement field in the x-direction within the ice crystal based on the
proposed NOSBPD model, and for comparison purposes,

Figure 4-b shows the x-direction field of displacement as obtained by finite element (FE)
simulation.

Figure 4-c on the other hand shows the corresponding displacement field in the y-direction
while

Figure 4-d shows the field of displacement in the y-direction obtained from FE simulation. To
further analyse the behaviour of the crystal, Figure 5-a shows the displacement profile in the
x-direction along the middle vertical grid of the plate, while Figure 5-b shows the displacement
profile in the y-direction along the middle horizontal grid of the plate. Again, FE results are
presented alongside the results from the proposed model in Figure 5-a and Figure 5-b,
respectively. Comparison of these results reveals a good degree of agreement between the
predictions obtained from the proposed NOSBPD model and the results of simulation from the
FEM for the same problem. The correspondence of results between the two methods
demonstrates the accuracy and reliability of the proposed model in capturing the behaviour of
the ice crystal.

6.0 CONCLUSION

This paper presents a new approach to modelling single crystal S2 ice using the NOSBPD. The
aim of this study was to develop a modelling framework that allows for a deeper understanding
of the complex response of ice, considering nonlocal mechanisms like damage, size effects,
and discontinuous behaviour such as fracture. These phenomena are difficult to capture using
traditional continuum mechanics, necessitating the exploration of alternative approaches.

The results from simulation obtained from the proposed non-ordinary state-based peridynamic
model show excellent agreement with those obtained from the well-established FE simulation.
The displacement fields observed in the x and y directions exhibit consistent patterns and
behaviours, closely matching the results from the FE method. This strong agreement between
the two simulation approaches demonstrates the reliability and accuracy of the proposed model
in capturing the response of ice.

By providing a reliable and efficient numerical framework with extended capabilities such as
peridynamics offers, the proposed model opens new possibilities for studying the behaviour of
ice crystals and analysing their complex response to external forces. This deeper understanding
can lead to improved designs and more accurate predictions, ultimately enhancing the safety
and reliability of structures and systems operating in icy conditions.
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