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ABSTRACT 

The present paper considers the contact between energy-saving device of ice-class vessel and 

ice block and clarifies the ice impact force and the structural response from various points of 

view. The contact analysis is performed by using LS-DYNA finite element code. The main 

collision scenario is based on Finnish-Swedish ice class rules and a stern duct model is used 

as an energy-saving device. For the contact force, two modelling approaches are adopted. 

One is dynamic indentation model of ice block based on the pressure-area curve. The other is 

numerical material modelling by LS-DYNA. The authors investigated the sensitivity of the 

structural response against the ice contact pressure, the interaction effect between structure 

and ice block, and the influence of eccentric collision. Furthermore, the simplified 

mechanical model was proposed to evaluate the structural response. The results of these 

simulations are presented and discussed with respect to structural safety. 
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INTRODUCTION 

An energy-saving device is one of the most effective measures to improve propulsive 

efficiency in ice-free water. It is expected to be effective for ice-class vessels. However, its 

strength due to ice contact should be carefully considered in its design, and it is a significant 

technological issue to evaluate structural response due to impact of ice. Since some types of 

energy-saving devices are protuberant structure, they are strongly affected by dynamic factor 

such as oscillation. Therefore, “Time-domain” analysis is necessary instead of conventional 

“Static” estimation based on energy theory. Kinnunen et al (2013, 2015) implemented the 

contact analysis between ice and the azimuthing thruster. They indicated that the dynamic 

behavior of the structure affected the impact load significantly. 

The purpose of the present study is to investigate the ice contact load and the structural 

response of the stern duct equipped for ice-class vessels. The main contact scenario is based 

on Finnish-Swedish ice class rules, and the used stern duct structure is Weather Adapted Duct 

(Kawasshima, et al. 2014) developed in National Maritime Research Institute, Japan. In this 

study, the authors carried out a series of non-linear dynamic finite element simulations to 
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evaluate the structural safety and estimate the ice contact load, including the effect of ice-

structure interaction. For the ice contact load, two modelling approaches are adopted. One is 

dynamic indentation model of an ice block based on the pressure-area curve. The other is 

numerical material modelling by LS-DYNA to consider ice-structure interaction. For the 

evaluation of structural safety, the sensitivity analysis against the ice contact pressure was 

performed and thereby the simplified mechanical structural model was proposed. In addition 

to the structural response, the ice contact load was investigated in detail such as the effect of 

the structural interaction and the influence of eccentric collision. 

 

ICE LOAD SCENARIOS 

It is assumed that the ice block contacts to the front end of stern duct as shown in Figure 1. 

According to Finnish-Swedish Ice Class Rule (2010), the maximum design ice block entering 

the propeller is a rectangular ice block with the dimensions of 𝐻ice ∙ 2𝐻ice ∙ 3𝐻ice . The 

thickness of the ice block 𝐻ice is given as 1.5[m] for ice-class 1A. The density of ice block 

𝜌ice was assumed to be 880[kg/m3], and the added mass was given as the following equation. 

Only the added mass was considered as the fluid force effect. 

𝑀a = 1.82𝜌𝐻ice
3  (1)  

The initial velocity of the ice block is assumed to be 5[knot] that is required as a vessel speed 

in the brash ice channels for the powering requirement of Finnish-Swedish ice class rules. 

These values are summarized in Table 1. 

Table 1. Ice block basic parameter 

Ice thickness 𝐻ice 1.5[m] 

Ice mass 𝑀ice 17820[kg] 

Ice added mass 𝑀a 6296[kg] 

Initial velocity 𝑣0 2.572[m/s] 

 

Figure 1. Contact between stern duct and ice block 
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ICE MODELLING 

To perform safety evaluation, it is one of the most important processes to estimate an ice 

contact load. In this study, two load modelling approaches are adopted. One is the simple 

estimation model based on pressure-area curve (Daley, 1999). The ice load for structural 

requirement in UR-I (IACS, 2007) is based on this model. The other is FEM modelling. The 

dynamic contact simulation between ice block and structure was performed.  

 

Load Model Based on Pressure-Area Curve 

The general principles of the model are shown in Figure 2. The fore part of the stern duct is 

modelled to be rigid cylinder, and the indentation depth 𝜁n can be obtained by the motion 

equation of an ice block. 

(𝑀ice +𝑀𝑎)𝜁n̈ = −𝐹n (2)  

Here, the ice contact force 𝐹n is expressed as a product of average contact pressure 𝑃 and 

nominal contact area 𝐴: 

𝐹n = 𝑃𝐴 (3)  

Here, 𝑃 is expressed as a function of 𝐴: 

𝑃(𝐴) = 𝑃0𝐴
ex (4)  

Here, 𝑃0 is average contact pressure at 𝐴 = 1[m2], and 𝑒𝑥 is an exponent constant. In this 

paper, the following equations are mainly used. 

𝑃(𝐴) = 2.2𝐴−1/3 (5)  

𝑃(𝐴) = 7.4𝐴−0.7 (6)  

The equation (5) is proposed by Frederking and Ritch (2009) based on impact tests of bergy 

bit and ship. The equation (6) is proposed by Masterson (Palmer et al. 2009) for isolated 

small areas (<10 m2), which is also recommended by the ISO code (ISO 19906, 2010). These 

relations are plotted with experimental data in Figure 3. The contact area is at most 0.5[m] in 

this simulation, hence the equation (6) gives much higher pressure. 𝐴  is expressed as a 

function of indentation depth 𝜁n: 

𝐴(𝜁n) = 2𝐻√2𝑅𝜁n − 𝜁𝑛2 (7)  

by geometric consideration of indentation, regarding the fore part of the stern duct as a 

cylinder with a radius of 𝑅=0.13[m] as shown in Figure 2. Thus, 𝐹n can be expressed by 𝜁n 

and the load history 𝐹(𝑡) is obtained by solving the equation (2). To solve the differential 

equation, Runge-Kutta method was used. Both load curves based on equation (5) and (6) are 

called as “low” and “high” respectively and indicated in Figure 4. The termination of contact 

load is the moment when the indentation velocity is equal to zero. These areas are equal to 

the impulse of ice : (𝑀ice +𝑀a)𝑣0. 
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Figure 2. Indentation of vertical cylinder 

  

Figure 3. Pressure-area curve (Sanderson J.O.,1988) 

 

Figure 4. Time history of ice load 
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Finite Element Model 

Several FEM modelling of ice have been tried and it was reported that they have a certain 

level of accuracy to estimate the contact force. The dynamic FEM analysis has been 

performed by using some material properties of ice calibrated already. To validate such 

theoretical models, the contact simulation between rectangular ice block and rigid cylinder 

with a radius of R=0.13[m] was performed. For the numerical simulation, LS-DYNA was 

chosen. The FEM models of the ice block and the cylinder are indicated in Figure 5. The ice 

material property was applied to only fine mesh zone and the remaining region was assumed 

to be a rigid body. 

Gagnon (2011) calibrated volumetric strain-stress relationship based on MAT63 

CRUSHABLE_FORM through the bergy bit field trial data. He carried out FEM simulation 

of the compression of the pyramid-shaped ice. He modelled several thin ice layers to express 

spalling behavior. The volumetric strain-stress relationships of the high and low pressure 

zone are expressed as shown in Figure 6. It should be noted that the high and low curves are 

considered separately although he combined them in his simulations. The young’s modulus 

and Poisson’s ratio is assumed to be 8[GPa] and 0.003, respectively. 

  

Figure 5. FEM model (Left: 3D view, Right: Top view) 

 

 

Figure 6. Relationship between nominal stress and volumetric strain 
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Liu (2011) used “Tsai-Wu” model as the yield criterion of ice: 

𝑓 = 𝐽2 − (𝑎0 + 𝑎1𝑝 + 𝑎2𝑝
2) = 0 (8)  

where 𝐽2  represents the second invariant of the deviatoric stress tensor 𝑠𝑖𝑗 , 𝑝  is the 

hydrostatic pressure expressed in equation (9), and 𝑎0, 𝑎1 and 𝑎2 are constants that require 

fitting to the triaxial experimental data. The equation (8) denotes the ellipsoid yield surface in 

the meridian plane. In this paper, the constant values of 𝑎0 = 22.93[MPa
2], 𝑎1 =

2.06[MPa], 𝑎2 = −0.023 recommended by Derradji-Aouat (2000) are adopted. 

𝐽2 =
1

2
𝑠𝑖𝑗𝑠𝑗𝑖 ,   𝑝 = −

1

3
𝜎𝑖𝑖 

(9)  

Liu also defined failure criterion as follows. 

𝜀̅𝑝 > 𝜀𝑓 (10)  

𝜀̅𝑝 = √
2

3
𝜀𝑖𝑗
𝑝 : 𝜀𝑖𝑗

𝑝  (11)  

𝜀𝑓 = 𝜀0 + (
𝑝

𝑝2
− 0.5)

2

 (12)  

where 𝜀̅𝑝 is the effective plastic strain, 𝜀𝑓 is the element failure strain,  𝑝2 is the larger root 

of the yield function, 𝜀0 is the initial failure strain, which is assumed to be 0.01. Once the 

failure condition (10) is satisfied, the element fails and its stiffness is immediately set to zero 

in the numerical simulation. These material properties are defined in LS-DYNA using a 

MAT41_USE_DEFINED_MATERIAL_ MODELS which is defined by user subroutine. As a 

return mapping method for the yield surface, the cutting-plane algorithm (E. A. de Souza 

Neto, et. al, 2008) was used. The effect of strain rate and work hardening were not considered. 

The time histories of the ice load are obtained by MAT 63 and MAT 41 and shown in Figure 

7. In Figure 7, “MAT63 (high)” and “MAT63 (low)” correspond to the high and low stress 

model in Figure 6, respectively. For MAT 41, two cases that failure criterion of equation (10) 

is considered (Failure) or not (No Failure) are plotted. The two curves calculated by the 

pressure-area curve in Figure 4 are also indicated. 

Two load curves of MAT 63 are consistent with the two load curves calculated by the 

pressure-area curve. On the other hand, “MAT41 (No Failure)” is consistent with the curve of 

high pressure model of pressure-area curve, whereas “MAT41 (Failure)” indicates the 

irrational intermittent behavior. This is because elements which satisfy the failure criterion 

are vanished immediately in the numerical calculation. In reality, crushed ice fragments also 

contribute to the compression stress in the contact area. Such the failure behavior strongly 

depends on the size of finite element and stress condition. The equation (10) is just pure 

empirical formula calibrated by Liu (2011), hence the failure criterion should be revised by 

the experiment in present condition. The indentation of the ice is treated by only continues 

behavior for such a reason, although the ice should behave in brittle failure mode in the 

present high strain rate condition. Further examination should be considered through an 

experiment in future. 
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Figure 7. Time history of ice load 

 

STRUCTURE MODEL 

In this section, the FEM model of the stern and the duct structure and the calculation 

conditions are described. The detail of structural model and boundary conditions are 

described in Table 2, and the stern and the duct FEM model are shown in Figure 8. The 

junction between solid and shell element is modelled by Shell-Solid coupling model (Osawa, 

2007). 

 Table 2. FEM analysis condition  

Modelling region Duct and stern model (35[m] from A.E.) 

Element type 
Bearing … solid element 

Another member … shell element 

Thickness of duct 
Inside web … 20[mm] 

Outside shell … 25[mm] 

Material 

Mild steel (MAT24) 

Young modulus … 206[GPa] 

Yielding stress … 235[MPa] 

Strain rate dependency … Cowper Symonds low 

Boundary condition Tight bulkhead of stern is fixed 

 

0

1

2

3

4

5

6

7

0 0.01 0.02 0.03 0.04 0.05 0.06

C
o
n
ta

ct
 f

o
rc

e 
[M

N
]

t [s]

P-A curve (high)

P-A curve (low)

MAT63 (high)

MAT63 (low)

MAT41 (No Failure)

MAT41



POAC17-045 

 

Figure 8. Structure FEM model 
 

STRUCTURAL SENSITIVITY ANALYSIS 

Since the contact pressure of ice has large uncertainty, the maximum contact load may have 

great variability even though the other conditions, such as mass and initial speed of the ice 

block, are the same. Accordingly, the structural sensitivity analysis against contact pressure is 

needed to evaluate the structural safety of the stern duct. Ice contact load based on the 

pressure-area curve are exerted at the fore part of the stern duct as nodal force as shown in the 

right figure of Figure 8. Those curves were calculated by equation (4), which 𝑒𝑥 is set to -1/3 

and 𝑃0 is changed, in the same manner as in Figure 4. Moreover, those were modified to 

sinusoidal curves while keeping each maximum force and area (impulse) the same. This is 

because of avoiding the irrational oscillation in the structure due to the step of load curve at 

the end of indentation, which is generated by the absence of ice elasticity. An actual load 

curve might take the medium form of the both curves. Some examples of used load curves 

are shown in Figure 9. 

 

Figure 9. Load curves under changing contact pressure ( ex = −1/3 ) 
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Figure 10 shows an example of Von-Mises stress distribution on the stern duct at the moment 

when the maximum stress occurs. As the general response of the stern duct, it was found that 

the relatively high stress occurs in connection of duct and hull, X and Y in Figure 10. The 

sensitivity of the maximum Von-Mises stress value at X and Y are shown in Figure 11. The 

broken line indicates the tolerance stress value in CSR-B (IACS, 2006) and is 280[MPa] 

when the element size is less than 200[mm]. Figure 11 indicates that the larger response 

occurs as the nominal pressure increases even though the impulses of curves are the same 

value. This is because that the maximum force becomes large as 𝑃0 becomes large and the 

acting time approaches to the quarter of the eigenperiod of the stern duct, which is about 

0.05[s]. In the case that the acting time is enough long, the external force does negative work 

while the stern duct turns back by elastic behavior. It is also found in Figure 11 that the 

maximums stress occurs at X when 𝑃0 is smaller than 4.5[MPa] and stress at Y is larger 

beyond this value. This is because the static horizontal bending is dominant when 𝑃0 is small 

and the position of X is affected by this effect mainly. Meanwhile, the dynamic effects such 

as free oscillation are remarkable when 𝑃0 is large and the extremely large tensile stress is 

induced at Y which is the connection between duct and hull. 

 

Figure 10. Von-Mises stress distribution (Red : High ↔ Blue : Low) 

 

Figure 11. Sensitivity of the maximum Von-Mises stress on the stern duct against nominal 
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The maximum displacement of the point where load acts in aft direction is shown in Figure 

12. In addition to the result by LS-DYNA, the result by proposed simplified model “MCK 

model” is also indicated. MCK model means single-degree-of-freedom spring-dumper-mass 

model: 

𝑀�̈� + 𝐶�̇� + 𝐾𝜉 = 𝐹n (13)  

Here, 𝜉 is the displacement of the stern duct at the contact point in aft direction, 𝑀,𝐶, 𝐾 are 

mass, damping and spring coefficient of the stern duct, respectively. These responses 

correspond reasonably, although the stern duct is significantly complex structure which 

consists of duct, stern tube, and other local members. This is because the maximum 

displacement occurs in the first amplitude of oscillation, and the value is determined by the 

most dominant component of oscillations. For this reason, the MCK model can express the 

maximum response of the structure accurately. 

For the simplification into MCK model, it is necessary to determine the constant of mass, 

damper and spring coefficients. These values should be estimated by moment of inertia, 

structural damping, and horizontal bending stiffness of the stern duct respectively. In this 

paper, these constants are calibrated by results of LS-DYNA. If the relationship between the 

displacement and the local stress becomes clear, the structural response of the stern duct 

would be able to estimate by using MCK model. 

 

Figure 12. Maximum displacement of the point where load acts 

 

EFFECT OF SHIP-ICE INTERACTION ON THE ICE LOAD 

To obtain the ice contact load, steel structures can be assumed to be a rigid body in general 

because there is a large difference of rigidity between the ice and the steel structure. 
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significantly by an impact force and the structural response may affect the impact load. To 

investigate such influence quantitatively, the simulation were performed with a stern duct of 

rigid (hereafter called as decouple) and compliant body (couple) and both contact loads were 

compared. The used FEM model is shown in Figure 13. MAT63 (high) and MAT63 (low) 

were applied to only fine mesh zone and the remaining region was assumed to be rigid body. 
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The contact point and the center of gravity of the ice block are in the straight line in the 

direction of contact velocity to avoid rotation of the ice. Each load history is shown in Figure 

14. The reason why the peak load of the decouple simulations are smaller than the results of 

MAT 63 in Figure 7 is that the collision angle must be applied because of the stern shape, and 

the contact area is smaller than the case that regards the stern duct as a cylinder.  

Figure 14 shows that the contact force by the couple analysis is smaller than that by the 

decouple analysis in high-stress model but the little difference is seen in low-stress model. 

The difference of both tendencies can be explained by the deformation of the stern duct. The 

history of displacement of the stern duct at the contact position and the center of gravity of 

the ice block in collision direction by the couple analysis is shown in Figure 15. The contact 

load is primarily determined by the indentation depth, e.g. the difference of the displacements 

between the stern duct and the ice block. Consequently, the contact load is reduced by the 

displacement of the stern duct in the couple analysis. The influence of the displacement of the 

stern duct is relatively large in the case of high-stress model, on the other hand, that is 

relatively small in the case of low-stress model. From these facts, it is presumed that the ice-

structure interaction effect becomes greater as the contact pressure is higher. However, if the 

acting time is much less than the eigenperiod of the structure, the structural displacement 

hardly occurs and the interaction effect may become small conversely. In the present analysis, 

the influence of the structural response was at most 20% and it is smaller than the uncertainty 

of ice property. 

 

ECCENTRIC CONTACT ANALYSIS 

In the actual collision, the contact position and the center of gravity of ice are not always in 

line. Thus the initial kinematic energy is absorbed partly into the rotational energy of the ice 

block by eccentric collision and the contact load should be somewhat reduced. To clarify the 

reduction of the contact load against the eccentricity, the eccentric contact analysis was 

performed by LS-DYNA. The material property of ice is assumed to be MAT63 (high), and 

the structure is assumed to be a rigid body. The six cases in different eccentricities, 0, 0.3, 0.6, 

0.9 1.2, 1.45[m] (The half breadh of ice block is 1.5[m]) were performed. The contact load 

histoiry is shown in Figure 16. Reduction of the contact load by eccentricity can be seen 

clearly. Since no marked differences are found in the shape of these curves, the magnitude of 

the load may be estimated by only its impulse. The impulse due to collision can be derived 

from momentum theory, and the following relations are derived in the case that the slip at the 

contact point is allowed or not : 

𝑃slip =
𝐼

𝐼 + 𝑒𝑦2𝑚
𝑚𝑣0 (14)  

𝑃non−slip =
𝐼 + 𝑒𝑥

2𝑚

𝐼 + (𝑒𝑥2 + 𝑒𝑦2)𝑚
𝑚𝑣0 (15)  

where 𝑚, 𝐼, 𝑣0 are the mass, the moment of inertia and the initial velocity of the ice block, 

respectively, 𝑒𝑦 is the eccentric distance, and 𝑒𝑥 is the distance between the contact position 

and the center of gravity of the ice block in the collision direction. The completely plastic 

collision is assumed because the plastic behavior is dominant in the ice property. The 

derivation of the above formulae are described in APPENDIX in detail. The influence of the 

eccentricity against the impulse is shown in Figure 17. Ecah value is normalized by the value  
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Figure 13. FEM model of stern duct and ice block (Left: 3D view, Right: Bottom view) 

 

 

Figure 14. Load history of couple and decouple analysis 

 

 

Figure 15. Displacement history of the stern duct and the ice block 
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of non-eccentric collision. In addition to the results of LS-DYNA, the equation (14) and (15) 

are also indicated. The results of LS-DYNA almost correspond with the momentum theory of 

the non-slip case, and these reductions are small in comparison with the momentum theory of 

the slip-allowed case. This is because the ice block is indented into the edge of the stern duct 

and the center of rotation corresponds to the contact position, and thus the rotational motion 

of the ice block is hard to occur in comparison with the slip-allowed case. On the other hand, 

for example, the ice contact with hull does not cause indentation, hence its tendency may be 

close to slip-allowed case. 

It is indicated from the result that the load reduction by the eccentric collision is not so large 

against the structure such as the stern duct, and to simulate under non-eccentric collision 

scenario does not result in overestimation for the structural safety. Such tendency becomes 

remarkable when the distance between the contact position and the center of gravity of the ice 

block 𝑒𝑥 is large. 

 

Figure 16. Time history of eccentric contact load 

 

 

 Figure 17. Eccentric effect on contact force  

 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

C
o
n
ta

ct
 F

o
rc

e
[M

N
]

t [s]

0

0.3

0.6

0.9

1.2

1.45

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Im
p
u
ls

e 
fa

ct
o
r

Eccentric distance [m]

LS-DYNA

Theory (Slip)

Theory (Non-Slip)



POAC17-045 

CONCLUSIONS 

The evaluation of structural safety of the stern duct due to the impact of ice block was 

performed through the series of dynamic FEM analysis. Several conclusions are described as 

follows.  

About the structural response: 

・  The structural response becomes large as contact pressure of ice becomes high even 

though the impulses are the same. 

・  Relatively high stress occurs in the connection of the duct and the hull. There is a 

possibility that the maximum stress in the structure exceeds the permissible stress 

depending on the contact pressure. 

・  The maximum deformation of the stern duct due to impact force can be expressed by the 

single-degree-of-freedom spring-damper-mass model accurately. This model may apply 

the simple estimation for occurring stress in the structure. 

About the contact load: 

・  The ice contact load reduces by considering the ice-structure interaction. The reduction is 

large as the contact pressure becomes high, but the influence of the interaction was at 

most 20% in the present case and is smaller than the uncertainty of ice property. 

・  The reduction of ice contact load due to the eccentric effect is relatively small because 

the contact point becomes the center of rotation of the ice block because of indentation. 

Accordingly, the safety evaluation based on non-eccentric collision analysis is not over-

estimation for thin column structure such as the present structure. 

In this study, the incorporated material model of ice in FEM analysis was validated indirectly 

comparing with the theoretical model based on the pressure-area curve. However, only the 

yield criterion is defined as continuous behavior, and it can’t express the tendency of real ice 

that the contact pressure becomes large as the contact area becomes small due to the non-

simultaneity of contact between ice and structure. This tendency can be imitated to some 

extent by introducing the failure criterion properly, as mentioned by Liu (2011) and Gao 

(2015). In order to carry out such modelling, the examination of the criteria and the mesh size 

in detail should be performed and verified by experiments. 
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APPENDIX 

 

Let us assume that an ice block which has mass 𝑚 and moment of inertia 𝐼 collides against 

a point mass in an initial velocity 𝑣0 and an eccentiricity 𝑒𝑦, and after collision, the velocity 

of the point mass 𝑉𝑥  and the ice block 𝑣𝑥  and angular velocity of the ice block 𝜔  are 

generated. The difinition of the direction is shown in the above figure.  

In the case of completely plastic collision, the relative velocity in 𝑥 direction between the ice 

block and the point mass after collision is equal to zero. Consequently, 𝑉𝑥, 𝑣𝑥, 𝜔  can be 

obtained by the law of conservation of momentum and angular momentum and the equation 

of the relative velocity after collision. 

 
{

      𝑚𝑣0 = 𝑀𝑉𝑥 +𝑚𝑣𝑥            
        0 = 𝑀𝑒𝑦𝑉𝑥 + 𝐼𝜔      

𝑉𝑥 = 𝑣𝑥 + 𝑒𝑦𝜔    
 (16)  

Accordingly, 𝑉𝑥, 𝑣𝑥, 𝜔 can be written as follows. 

 

{
 
 

 
 𝑉𝑥 =

𝓂

1 +𝓂+ ℐ
𝑣0                           

𝑣𝑥 =
1

1 +𝓂
(𝓂 +

ℐ

1 +𝓂 + ℐ
)𝑣0

𝜔 = −
ℐ

1 +𝓂 + ℐ

𝑣0
𝑒𝑦
                       

 

𝑤ℎ𝑒𝑟𝑒 

𝓂 =
𝑚

𝑀
,   ℐ =

𝑒𝑦
2𝑚

𝐼
 

(17)  

The impulse of collision is described as follows. 

 𝑃slip = 𝑀(𝑉𝑥 − 0) = (
1

1 +𝓂 +  ℐ
)𝑚𝑣0 (18)  

If 𝑀 is infinity, the impulse approaches to the following value. 

 𝑃slip =
𝐼

𝐼 + 𝑒𝑦2𝑚
𝑚𝑣0 (19)  

In the case of completely plastic collision and non-slip condition at the contact point, center 

of the rotation of the ice block corresponds to the contact point. If the mass is infinite, the law 

of conservation of angular momentum can be described: 

𝑒𝑦 

𝐺 

𝑀 𝑚, 𝐼 

𝜔 
𝑉𝑥 

𝑣𝑥 𝑣0 

𝑒𝑥 

𝑥 

𝑦 
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 −𝑒𝑦𝑚𝑣0 = {𝐼 + (𝑒𝑥
2 + 𝑒𝑦

2)𝑚}𝜔 (20)  

and 𝑣𝑥 is written as: 

 𝑣𝑥 = −𝜔𝑒𝑦 =
𝑒𝑦
2𝑚

𝐼 + (𝑒𝑥2 + 𝑒𝑦2)𝑚
𝑣0 (21)  

Finally, the impulse of collision in non-slip condition is obtained as follows. 

 𝑃non−slip = −𝑚(𝑣𝑥 − 𝑣0) =
𝐼 + 𝑒𝑥

2𝑚

𝐼 + (𝑒𝑥2 + 𝑒𝑦2)𝑚
𝑚𝑣0 (22)  

 


